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Summary. — Tests of & spin are proposed which consist in measuring and
comparing among each other some averages over the angular distribution
of the A resulting from E-decay. The averages can directly be constructed
out of experimental data and a discussion on the statistical errors arising
from application of the tests to a finite sample of EZ-decays is given.
General statements arising from a quadratic relation among the coefficients
of the production density matrix valid for production on unpolarized
nucleons are also given. The question of the E-parity is briefly considered
assuming only s- and p-waves at production.

— Introduction. General formulas.

1 1 — No conclusive evidence has been obtained so far on the Z-hyperon
spin (Y). We report here briefly on some possible methods for its determination.
The spin tests we propose consist in measuring and comparing among
each other some averages over the angular distribution of the A resulting
“ from ZE-decay. The averages are defined in Section 2 and in Section 8. In
particular in Sections 2 ‘4 and 8'2 we illustrate possible ways of companson
of the averages to determine the X spin.
The construction of the averages directly from the experimental data is
~_explained in Sections 21 and 4. Also, in Section 4, the 1mportant question
of minimizing the statistical error in a finite sample of E-decays is discussed.

, (1) L. W. ALvarEz, J. P. BERGE, R. K ALBFLEISCH, J. BurToN-SHAFER, F. T. SoL-
-M17z and M. L. STEVENSON: 1962 International Conference; L. BERTANZA, V. BRISSON,
'P. L. Coxnorry, E. L. Hagr, I. 8. MrrrRa, G. C. MoxeTi, R. R. Rau, N. P. Sami0s,
1. 0. SRILLICORN, S. 8. Yamamoro, M. GOLDBERG, L. GRAY, J. LEITNER, S. LICHTMAN
. aud J. WESTGARD: Phys. Rev. Lett., 9, 229 (1962).
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430 ‘ " M. ADEMOLLO and R. GATTO

More general statements on the = spm are made in Sections 52 and |
as a consequence of a general quadratic relation among the coefficients of t
production density matrix, which is valid for production on unpolarized nucleong
The comparison with the Lee-Yang tests is examined in Section 5'1 ang
production under Adair’s conditions is congidered in Section 5'4.
The possibility of havmg only s and p-waves in the produotlon proces
is briefly considered in Section 6.

1°2. ~ Let us consider the chain of reactions

1 K4 p—E +K",
(2) E_ﬁA—f—ﬂr,

we call u and u' respectively the unit vectors along the proton momentum
"and the H~ momentum in the center-of-mass frame for reaction (1)
= (uxu')/(|luxu’|) the normal to the production plane; v the unit vecto
along the A momentum in the center-of-mass frame of reaction (2); and w.
define w = n X u. : ' ' ‘
If the E spin is § its density matrix, after its production according to (1’

for unpolarized initial nucleons, can be written as

3) %0 =

W=

+ b(6) I(n) + (6) T, u) + 6(0) T(w, ) + ¢4(6) T(uz, ) +
+ d(6) T(n, m, m) + dy(0) T(n, w, w) + dy(6) T(n, u, )

where b,(0), ¢;(0) and d,(6) are real functions of the production angle §. Th
quantities 7' are spin operators defined as in ref. (2) (see also'ref. (3),'f00'
note (°)). .

The coefficients b,, ¢;, and d; are not completely unknown. First, they
must satisfy inequalities expressing the fact that the probabilities for ﬁndlng
the = with given spin component must be p051131ve These probabilities are
the diagonal elements of the density matrix %. Furthermore we will see
that a quadratic condition must be satisfied among the coefficients b, ¢, and d
deriving from the fact that the density matrix must be express:Lble as an
incoherent mixture of two pure spin states, correspondmg to the two posmble
orientations of the initial nucleon spin in the production process We shall
make use of such hmltatlonu in Section 5.

(?) R. Sprrzer and H. P. Stapp: TUniversity of California Radiation. Laborator
Report UCRL 3796 (unpublished); Phys. Rev., 109, 540 (1958).
(®) R. Garro and H. P. Starp: Phys. Rev., 121, 1553 (1961). .
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—_

1°3. — The angular distribution I(v) (normalized to unity in the whole solid
angle) of the A emitted in the subsequent =-decay, is given by:

2
(4) 4711(v)=1—1—\“/‘“€ocb1(6)(n-v)—01 )[3(u-v) —1]——02 3w v)2—11—

—303(0)(u-v)( \/5oc{d )[B(n-v)?—3(n-v)] -+
+ dy(0)[B(n-v) (1 v)?— (n-v)] + 5dy(0)(n-v)(u-v)(w )} .

The polarization P of the emitted A is:

(5) dnl(v)P = aw + \/—B bl(ﬁ)[(n-'v)v + 2ev X (n Xv) —2B(n X v)] —
—ov{e,(0)[3(u-v)2—1] + 02(0)3(@ v)2—1]4 303(9)(u-v)(w-v)} —

3
—v dl(ﬂ){[5(n-v)3——3(n-v)]v +[B(n-v)2—1][ev X (n Xv)—fB(n X'vv)]} —

1 : :
—\73 dz(B){[S(u-v)z—S](n-v)'u + 10(w-v)¥(n-v)v |

+ & [[5(u-’u 2—1jv X (nXv)+ 10(u‘-'v)(n-v o X (uwXxv ] —

—B[[Bu-v)2—1](nXv)+ 10(u-v)(n-v)(r Xv) _|}~—

—V/Bdy(0) {3(u-v)(n-v)(w-v)v + e[ (w v)w-v)v X (R XV) +

4+ (n-v)(w-v)v X {wXv) + (r-v)(u V)V X (WX V)] —

— Blu-v)awv)(n X v) - (nv)(w v)(wxXv) + (nv) (- v)wxov)]} .

Equations (4) and (5) completely determine the density matrix of the A pro-
duced trough the chain of reactions (1) and (2), when reaction (1) occurs on
unpolarized protons. The parameters «, f and e are given in terms of the

elements of the Z-decay matrix, R, for decay into final A-m p-wave, .and R,
for decay into final A-n d-wave: '

_ 2Re(B,Ry) _ 2|Ry||Ry| .y
(6) S EF R TR+ R T

_ 2Tm(R.RY) _ 2IRIE .
(6 ) /'_ /3 - |R1|2 + !Rz!z IRliz _!_ I_R SlIl (6 02) ]
" _ BB
“ TR IR
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432 - ) M. ADEMOLLO and R. GATTO

Note that

(6") , a frer=1.

The real numbers d, and 4§, are the A-w scattering phase-shifts for p-wave =
and d-wave respectively, at an energy equal to the Q-value of E-decay. In
order to introduce explicitly the phase shifts 6 in eqs. (6) we have made uge
of time reversal invariance.

From the expressions (4) and (5) for the angular distribution and polari-
zation of A one can derive many differcnt criteria to check the hypothesis of
spin § and, by comparing with analogous expressions for spin %, to distinguish
between these two possibilities.

1'4. — The expressions for the angular distribution I(v) and for the polari-
zation P of the emitted A for B spin § are, as well known: '

(7) dnl(v) =14 oPy(n-v),

(8)  4aI(®)P= av — APy(nxv) + Py(n-v)v — ePyv X (n X v).

- Here P, is the component of the E polarization along » and the parameters o,
B and e are given by: ' ‘ ‘

2Re(R,RY)  2|R|| Ry

\ = " " = T a —

o FTIRF R Rl By T
, _ 2Im(R,RY)  2|R||R,] .

(9) | ﬂ—lRo'!2+IR112_ !Rolz_}"lRllg Sln(50—51)7
" ‘ _ lRllz_!Rolz V

) TR IR

We have made use of time-reversal invariance to introduce the s-wave an !
p-wave A-m phase shifts J, and §, respectively. Again a?- 24 e2=1.

2. — Polarization- analysis.

21. —~ Let us first deriVe tests from measurements of the A polarization
The A polarization is measured directly through the observation of its decay
asymmetries. We are interested in the components of A polarization alon
three orotogonal axes whose unit vectors we call v,, v, and v,: We take
: nxwv v X (nXv)

©(10) vi=v; szYTX‘vl; ”3=m'
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The component of the A polarization along v, is essentially measured by
the difference between the number of decay events with the pion (from A-decay)
going forward with respect to the plane normal to v, and the number of events
with the pion going backward.

More precisely for a sample of A at rest with polarization P we have

2 N — N7
) 4 AR i
where «, is the A-decay parameter, N is the number of decays with the emitted
pilon going forward (i.e. forming an angle less than 90° with respect to w,),
and N; is the number of decays with the emitted pion going backward (i.e.,
forming an angle larger than 90° with respect to v;).

We consider averages of the components of the A polarization over the
A direction of flight, weighted by suitable weight functions. We call @ and @
the polar co-ordinates of » in a system where n is the polar axis and u is the
z-axis. We define the average of a quantity A4 as

(12) | (A :f [d@ d(—cos @)TA

2°'2. — For E spin 2, from (5), (10) and (12) we obtain:

1
(130’) <P"'-71 Yﬁ(@, @)> . 9)\/1_5;5 ’
| o
(130) PO, D) = —[a(0)—3d(6)] o= s
1B0)  (PuTEO,0) =—[d0)Lid >J]/5§;Z ,
R ’ iii;i
(13d) (P-v,y Yfz(@, D)y =4 Z[dz ) == ids( 6)]3 956V )
8
(13¢) (P-v, sin @) b(0)e W5
(13) (Pvy (4 o3 O— 1) = — [dy(8)— 3d(0)] 83’” 5,
. 15 1/37
(139) P, 52O, D)y  =—[dy(0) i%da(ﬂ)] B Vgn ’
_(14“) <-P'v1> =y
1
(14) P, T30,8)  =[a(6)+ eb)]a s,

28 — Il Nuovo Cimenio.
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434 M. ADEMOLLO and R. GATTO

(140) (P-v, Y5 (0, D)) :—[01(6)?—02(0);5:@'013(19)]06%i %,
8

(14d) (P-v,sn O} =008 5%
(140) (P-vy(4 cos? O—1)) = [dy(0) — 1 ds(0)] 37%5 ,

+2 . 15 3w
(14) (Pv, T(O, D)) .#[dz(O)iILd3(6)]ﬂ-ﬁ§V;,

£9 . e b 217w
(149) (Po, Y20, D) = Filda(0) £ids(0B o |/ 5 -

The relations (13) and (14) generalize to the case of parity non-conserving decay .
the analogous relations of GATTO and STAPP (*) (compare with their egs. (5), .
(6) and (7)). For a parity-conserving decay o= B=0 and e=+1 according
to the relative intrinsie parities of the particles (e = -1 for final p-wave and
¢— —1 for final d-wave). ‘ ’ “i
We also note that if the A polarization P is split into a sum of a vector
and of a pseudovector, only the pseudovector contributes to the averages (13),
whereas only the vector contributes to the averages (14) (all proportional to

~ e or f).

2'3. — In a similar way, for E spin 3 we find from (8), (10) and (12):

~ 1
(15a) (Pv, Y1(0, D)) =F,(0) V127’
(15¢) . (Posin @) =—Py(f)cd, , »
(16a) (P-vy) = o, %
(16d) . (P-v,5in )  =—Pi0)B%,

while all the remaining averages are zero: -

15)  (Pev, Yoy =(Pw, Y=
(P, TE = (Pvy(d cos? O—1)) = (P-0, T =0 k.

(16') (P, YD =<(P-v, Y=
— (P-y(4 cost O—1)y=(P-v, X7*H=(P v ;") =

9°4. — There are many ways in which the above relations can be used to
determine the spin of E. A general argument is the following: if any of the
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METHODS FOR DETERMINING THE SPIN OF B : 435

averages (15’) and (16’) turns out to be different from zero, the spin cannot
be 1; on the other hand, if they are all zero and a0 we can conclude, as
we shall see later, that the spin must be %

For spin 4 we can obtain the Z polarization P, from (15a) and the decay
parameters «, § and ¢ from (16a), (16d) and (15e) after eliminating P,; the
sum of their squares must be 1. |

To test for spin £ one can for instance derive bl and ¢ from (13a) (13¢); and
the averages (13b), (13¢), (13d), (13f) and (13g) must then all be expressible
through the three real numbers d,, d, and d,: Furthermore, after obtaining S
from (14d), the averages (14e), (14f) and (14¢) must also be expressible through'
d,, d, and d;. The parameter « can be evaluated from (14a), and from (14bd)
and (14¢) one can obtain ¢;, ¢, and c;.

- 3. - Angular distribution analysis.
~, 3'1. — Also from the A angular distribution we can obtain averages analogous
_ to that considered above.

For E spin 3, from (4) and (12) we find

(17a) <Yg(@7 D)y = [01(6) + ¢,(6 ]\/207'6 _

: 3
(Ti*(0, B)> = —[ex(6) — ea(6) L ies(6)] 7 7=
1
<Y3(@7 ¢)> = bl(e) 0‘_\71:5;—_6 ’

3
<Y0(@ D)> =—[d\(0) dz(e)]“l—\'/'—gg‘za
TEO, D) = —[4(0) + idy0)]e ] 5o ,

where as for E spin 3, from (7) we obtain
1
<Y1(@, )= Py 0o’ /75 5
Xy =X =0,
(Y3 = (Y¥H=0.

- 3'2. — These relations can also be used to determine the spin of =, alone
r, auch more usefully, in combination with (13) and (14).
If they-are used alone, the general argument to check the spin of E is
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analogous to that seen before: if any of the averages (19') and (20’) turn Out
to be different from zero, the spin cannot be %; if, on the other hang, they‘?
are all zero and we know, e.g. from (14a), that o 70, the spin must be %_,]
If however we find that not only (19') and (20') but also (15') gnd (16’) 
are zero (actually it would be sufficient that (13b), (13¢), (17a) and (17¢) were
zero) we could conclude that the spin is &, without the condition «s20. In
fact we shall see that if the spin is § it is impossible that all the coefficients
¢, and d; are simultaneously Vamshmg. '
. To test for spin 3, we notice that (17) and (18) are hardly sufficient to.
determine the coefficients b,, ¢; and d,, provided we know for example o. Thege
determinations are however mdependent from (13) and (14) and must agree
with them. i

4, — Application to finite samples.

4’1, — From the experimental point of view, when the number of events is‘j
not very large the statistical error on the averages may be important. We‘]
shall briefly see that, if we are not interested in a very detailed analysis, we
can pub together all the events at any production angle to reduce the statis-

tical error.
The averages of the polarization we have considered are of the form

m(8) = (P-v,F(O, B)> .
Experimentally they are approximated by:
2

1) L me) =
()]

ZIF

.OfA

where use has been made of (11); F,= F(@;, @,) is the value of the weigh
function F(O, @) at the polar co-ordinates of the A relative to the event j
&= +1 according to the cage that the pion emitted in the A-decay forms ai
. angle < 90° with the direction v,, and the sum is performed over all thi
N(6) events whose production angle lies in a certain interval around 6.

The order of magnitude of the error on m(f) is (We suppose for simplicity F
and m real): - '
me) —m6) L . 46
T m) VNG m®)
where.

2

? 1 2 m2
0= () 55 350
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Let us define

f 6)d cos b,

where I,(f) is the production angular distribution (normalized to unity in the
whole solid angle) and f(6) is a suitable weight function.
Experimentally M is approximated by:

9 _ ; rlr
(22) M ocANggFf’

- where now the sum is performed over all the N events.
The error on M is of the order

where
2\2 1 —
2 | =2} = 2 42 2
A (OCA) N;F’f’ M

Analogous relations hold for the averages of the angular distribution, with
the substitution 2/a, = e¢;=1.

Quanmmes of physical interest can be deduced from (21) and (22). For
example we know that the coefficients b,, ¢,, ¢; and d; multlphed by I, are of
the form sinf X,a,P;(cosf), so that & can be obtained taking

1
f(0) = preary P,cos 6) .

Furthermore, if we are interested in averages, or ratios of averages, which
are independent of 0, the weight function f(f) remains arbitrary and can use-
fully be chosen to minimize the statistical error. '

5. — Tests for = spin.

51. — We now derive some useful limitations on the coefficients b,(6), ¢; (0)
and d,(0) for the spin $ case. : ‘

The diagonal elements of the density matrix (3) are the probabilitiesto
find the Z in the various spin component states. Taking n as the direction

4995
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of spin quantization, we get for the probability I, to have the = with spin
component ,u

23) L) =2 0Oz a6 +cg(01—<4/»2-5>+

OT

nojee
N
=
//I\

+[d,(0) — ()11w (2047 — 41p) , 3

Limitations on the coefﬁéients are obtained by the conditions I,>0. For
example we find

.
(24) , 15,(0) 1< E

From (24) we have obvious limitations on the averages (13a), (13e), (14d)
and (18a), which must be satisfied if the spin is 4. In particular since |a|<1

)

[Ccos 0y | = 5 = [B.(0) | <

ot

which is one of the Lee-Yang conditions (%). .

5'2. — The coefficients b,, ¢; and d; are not independent, but are subject
to a quadratic relation. In fact, as shown by PESHKIN (°), we can write the
density matrix of the = in the form

=%|w><wl+ 3 BRy><{Byl,

as a consequence of the fact that the initial beam in the orlgmal productlon
process of E is an incoherent mixture of two spin states, one with the nucleon .
spin parallel to the incident momentum, the other with the nucleon spin"?ff
“antiparallel to the incident momentum. '
The two states transform into each other under the operation denoted
by R, space inversion plus a rotation of around the normal to the production
plane. From parity conservation in the production process it follows that the
statistical matrix for the produced B consists of an incoherent superposition?f‘
of two pure spin states, y and Ry.
For J=2 we obtain

Tr@* = § + §[2,(— 11,0

(4) T. D. Lee and C. N. YaNG: Phys. Rev., 109, 1755 (1958).
(3) M. PesugIN: Phys. Rev., 129, 1864 (1963). :
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From (3) and (23) we find that the following relation holds:

(26) 7 %bi—|—oi—l”02_6102+%0§—%di+1—é§d:+%d1d2+

‘1§2‘d§ - %b1d1 + %bldz = % .

53. — From (23) and (26) we can deduce a more conclusive criterion for
the spin of E.

In fact not only we see that all the coefficients cannot be simultaneously
zero, but also that b, cannot be different from zero alone. Indeed from (26)
we would have |b,| =31vE whereas from (23): |b;|<V/5/6. These two condi-
tions would contradict each other.

One has then the following criterion. If the coefficients ¢; and d; all turn
out to be zero, the spin must be 3.

54. — We finally notice that for =0 or 180° the Adair criterion (°)
must be applicable. : o

Since for § =0 or 180° the angular distribution 4xI(v), given by (4), .
reduces to 1[3(u-v)2--1], all the coefficients but ¢, must be zero, and ¢, =— 3.
: We then see, from (5) that the polarization P of the A is completely lon-
gitudinal and its value is +o (in the direction of the A momentum).
This result is valid for any spin value, as long as the production satisfies

Adair’s condition.

6. — s and p waves. Tests for = parity.

‘7 6'1. — The discussion we have given so far has been completely general.
In particular no simplifying assumptions of any kind have been made on the pro-
~ duction reaction 1). Tor completeness we shall briefly list the particular for-
mulas that one obtains for the coefficients of the production density matrix
if only s- and p-waves are supposed to participate to the production reaction.
The formulas that we report in this section are all readily obtainable from
usual arguments (see for instance ref. (%)). As long as reaction (1) does not
take place at very-high energy if will be a very useful hypothesis to suppose
 that only s- and p-waves are involved in the initial and final state. This
hypothesis might in fact be valid up to rather high-energy if one considers
that the longest range of the interaction for reaction (1) will be that due to
the exchange of two K-mesons. On this basis one can estimate that up to
an energy as high as 1 GeV in the c.m.s. it inight still be a valid conjecture

(6) R. K. Apair: Phys. Rev., 100, 1540 (1955).
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to suppose that only s- and p-waves contribute. The production/ angular dis-
tribution I,(0) is then of the form

27) - I1,(0) = O(a + b cosB 4 ¢ cos?h)
where .

C'=4n(a+ 30),
and the coeﬂicientsd, b, and ¢ have different expressions adcording to the
spin S and parity P of E. We call s;,, the production matrix element for total
angular momentum J, initial I-wave, and final I'-wave. For S=1% we have:

a, b, and ¢ are in general different from zero for P = + 1, while ¢= 0 for P = —1.
Namely, for §=1% and P=+1,

“218% 2 8%1‘2—%]8%1]2——236(8?13%?),

— 2 Re (s}, 855 4 2s%, 53,

¢ = 3!8f112+ 6 Re (Si181=:) .
— For 8=4% and P=—1,

a;l8§1|2+|8f:|2 ’

b =2 Re (s},6% ),

c= 0.

— For S=3 we have: b=0 for P=-+1, and ¢= 0 for P=—1
— For §=3% and P=+1,
a/_lslll +14181[2 \/2 Re 11 )

b=0,

c=—12|sl|2—3\/2Re (s sy .
— For §=4% and P=—1

a=|s,|*+ 2|54 |,
b=—2v2 Re (s}s8]),
c=0.
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For § =} the polarization of the Z is described by a vector directed along n,
whose component along n we call P,. With only s- and p-waves

(28)  LL(0) Py(6) = C sinB(p + q cosh) .
— For 8S=1% and P=+1
p=2Tm (st st 1 gt ¥y q=6Tm (sfls%f) :
— For S=4% and P=—1
p = 2 Im (st s, q=0.

We notice that ¢=0 if P=—1.
— For 8§ =% the coefficients b,, ¢, and d, are given by

I,(0) b,(0) = C sinB(z, + 2, cosb),

I,(0) ¢,(0) = O(z; + 2, cos O + 2, cos?f) ,
I,(0) cy(0) = Oz, 8in26

14(8) es(8) = € sin Oz, + (2, + &) cosb]

1,(6)dy(6) = C'62, sinf cosf
T,(0)ds(6) = C62, 5in®6 .
The coefficients z, are:

— For 8=$% and P=+1

Z]_:O,

3
By = 5\/5 Im (8%18131*) ’

2, = 2|58, |2 + 3vERe (s st

11°11
2, =0,
1 3 5 . s 3 8%
Z5=—%lsfllz_%!sﬁlz_2\/%3’8(8;18%?)a
1 2 _— 1
26:—%|3;1l2+%!sf1l72"I_\/%'Re(shs%l’:)'
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442 M. ADEMOLLO Aand R. GATTO
— For 8S=3% and P=—1

_ e
2, = /Z Im (st s

2= 0,

By =~ — 8§1|27

2, =4/2 Re (st si7),
25 = 2, = — s, |*.

We notice that 2, =2,=0 if P=+41, while 2,=0 if P=—1.
Once the spin of Z is known, from (27) and (28) or (29) one might possibly
obtain indications on the = parity.

* sk %

The authors would like to thank Dr. H. P. STAPP f01j his collaboration at
he early stages of this work.

RIASSUNTO

7

" Vengono proposti alcuni tests per lo spin dello Z che consistono nel misurare e con-

frontare fra loro certe medie sulla distribuzione angolare del A che proviene dal
Jecadimento dello Z. Tali medie possono venire direttamente costruite dai dati speri-
mentali e viene discusso errore statistico che proviene dall’applicazione dei tests a un
numero limitato di decadimentj di E. Inoltre vengono date alcune relazioni generali
che derivano da una relazione quadratica fra i coefficienti della matrice densita valida
per la produzione su nucleoni non polarizzati. Si considera brevemente la questione
della paritd dello E nell’ipotesi che solo onde s e p intervengano nella produzione.
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